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Abstract 

Recently, Gunningham [G] calculated all spin Hurwitz numbers in terms of combinatorics 
of Sergeev algebra. In this paper, we use a spin curve degeneration to obtain a recursion 
formula for degree three spin Hurwitz numbers. 

Let D be a complex curve of genus h and N be a theta characteristic on D, i.e. iV 2 = 
Kp. The pair (D,N) is called a spin curve of genus h with parity p = h°(N) (mod 2). For 
i = 1, • • • , k, let m l = (m\, ■ ■ ■ , m l ^_) be an odd partition of d > 0, namely all components m* 
are odd. Fix k points q 1 , ■ ■ ■ ,q k in D and consider degree d maps / : C — > D from possibly 
disconnected domains C of Euler characteristic x that are ramified only over the fixed points q % 
with ramification data m 1 . Observe that the Riemann-Hurwitz formula shows 



2d(l -h)- X + J2 W m ') ~ d ) = (0- 1 ) 



i=i 



where l{m % ) = li is the length of m\ By the Hurwitz formula, the twisted line bundle 

L f = /*iV®C?(^i(mj-l)4) (0.2) 



i.j 



is a theta characteristic on C where / {q l ) = { xl j}\<j<ii and / has multiplicity m l - at x 1 -. We 
define the parity p(f) of a map / by 

p(f) = h\L f ) (mod 2). (0.3) 

Given odd partitions m 1 ,--- ,m k of d, the spin Hurwitz number of genus h and parity p is 
defined as a (weighted) sum of (ramified) covers / satisfying (10. ip with sign determined by the 
parity p(f): 

R h, P y (-l) p(/) , , 

- 1 .-.- fc Z.|Aut(/)| 1 j 

Eskin, Okounkov and Pandharipande |EUPj calculated the genus h = 1 and odd parity spin 
Hurwitz numbers in terms of characters of Sergeev group. Recently, Gunningham [G] calculated 
all spin Hurwitz numbers in terms of combinatorics of Sergeev algebra. 

The trivial partition (l d ) of d is a partition whose components are all one. If m k = (l d ), 
then / has no ramification points over the fixed point q k and hence we have 



1 



When all partitions ra 1 = (l d ), denote the spin Hurwitz numbers (|0.4p by H^' p . These are 
dimension zero local GW invariants QT° c > h >P G f spin curve (D, N) that give all dimension zero 
GW invariants of Kahler surfaces with a smooth canonical divisor (cf. |KLlj . [KL2j . [LPlj . 

T h,p 
'(3)0 



[MP]). For notational simplicity, we set H,J?o = H^ p and for k > 1 write 



'(3)* 



tt' 

11 t1\h 



for the spin Hurwitz numbers HJF ^ with the same k partitions (3). Since there are two odd 

partitions (l 3 ) and (3) of d = 3, by (|0.5p it suffices to compute H^ p k for k > 0. The aim of this 
paper is to use a spin curve degeneration to obtain the following recursion formula. 

Theorem 0.1. If h = h±-\- hi and p = Pi+ Pi (mod 2) then for k\ + ki = k 

n {3)k - d.if (3)fcl -n {3)k2 + 6u {3)ki+1 ■ n {3)k2+1 . (u.oj 

One can use Theorem 10.11 and the result of |EOP| to explicitly compute the degree d = 3 
spin Hurwitz numbers. In Proposition 17.11 we show that 

= 3 2fc ~ 2 [(-l)*2* +h - 1 ±l] (0.7) 

where + and — denote the even and odd parities. When the degree d = 1,2, the dimension zero 
local GW invariants are given by the formulas 

GT loc,h,± = ±1 and GT loc,h,± = ±2 h-l 

(cf. Lemma 2.6 of [L]). Since GT? C ' ' p = H^ ,p as mentioned above, the formula (I0.7j) shows 

QT loc,h,± = 3 2h-2( 2 h-l ±1 j_ 

This calculation is, in fact, the main motivation for the paper. 

In Section 1, we express the degree d spin Hurwitz numbers (|0.4p in terms of relative GW 
moduli spaces. We can then apply a degeneration method for a family of curves T> — > A where 
the central fiber Dq is a nodal curve and the general fiber D\ (A 7^ 0) is a smooth curve. Section 2 
describes the relative moduli space A^o of maps / into the nodal curve Dq. In Section 3, we show 
that the union over A 6 A of relative moduli spaces A4\ of maps into D\ consists of connected 
components Z m j ~^ A containing / G .Mo- Here m is the ramification data of / over nodes of 
Dq such that d — £(m) is even. 

The (ordinary) Hurwitz numbers are sums of (ramified) maps modulo automorphism without 
sign. One can easily obtain a recursion formula for Hurwitz numbers by counting maps in the 
general fiber of Z m t —> A. For spin Hurwitz numbers, one needs to calculate parities of maps 
induced from a fixed spin structure on the family of curves T>. 

The novelty of our approach is to apply a Schiffer variation for the parity calculation. The 
space Z m j is, in general, not smooth. In Section 4, we construct a smooth model for 2 m j by 
Schiffer variation. In Section 5, we use the smooth model to twist the pull-back of the spin 
structure on T>. When the degree d = 3, the partition m is odd, either (l 3 ) or (3). In this case, 
a suitable twisting immediately yields a required parity calculation. We prove Theorem 10.11 in 
Section 6 and the formula (|0.7p in Section 7. 

For higher degree d > 4, the partition m may not to be odd! A new parity calculation is 
needed. In [LP 2] , we generalized the recursion formula (|0.6p for higher degree spin Hurwitz 
numbers by employing additional geometric analysis approach for parity calculation. 
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1 Dimension zero relative GW moduli spaces 



In this section, we express the spin Hurwitz numbers (|0.4p in terms of dimension zero relative 
GW moduli spaces. We will follow the definitions of |IP2j for the relative GW theory. 

Let D be a smooth curve of genus h and let V = {q 1 , ■ ■ ■ ,q k } be a fixed set of points on 
D. Given partitions m 1 , • • • ,m k of d, a degree d holomorphic map / : C —¥ D from a possibly 
disconnected curve C is called V -regular with contact vectors m 1 , • • • ,m k if consists of 

^2£(m l ) contact marked points Xj (1 < j < £(m 1 )) with f(xj) = q % such that / has ramification 
index (or multiplicity) rrij at Xj. Two F-regular maps (/, C; {x* }) and (/, C; {x 1 ^}) are equivalent 
if they are isomorphic, i.e., there is a biholomorphism a : C —> C with / o a = f and cr(x* ) = x l - 
for all The relative moduli space 

Km\...,m*(D,d) (1.1) 

consists of equivalence classes of ^-regular maps (/, C;{x* }) with the Euler characteristic 
x(C) = x an d with contact vectors m 1 ,-- - ,m k . Since no confusion can arise, we will re- 
gard a point in the space (11. ip as a ^/-regular map (/, C;{x*}). For simplicity, we will often 
write a F-regular map (/, C; {a;* }) simply as /. 

The (formal) complex dimension of the space (jl.ip is given by the left-hand side of the 
Riemann-Hurwitz formula (jO.ip : 

k 

2d (i- h )- x -Y / {d-£(m i )). (1.2) 

i=i 

Suppose this dimension is zero. Then, for each F-regula map (/, C;{x* }) in (jl.ip . forgetting 
the contact marked points x l j gives a (ramified) cover / that is ramified only over fixed points 
q % and satisfies (jO.ip . The automorphism group Aut(/) of a (ramified) cover / consists of 
automorphisms a € Aut(C) with / o a = f. The automorphism group Aut(/, V) of a ^/-regular 
map (/, C; {x*}) consists of automorphisms a E Aut(/) with cr(a;*) = x* for all i, j. 

For a partition m of d, let Aut(m) be the subgroup of symmetric group Sgr m \ permuting 
equal parts of the partition m. 

Lemma 1.1. Let m 1 , • • • ,m k be as above and suppose the dimension is zero. 

(a) If m % = (l rf ) for some l<i<k, then Aut(/, V) is trivial for all f in 

(b) If m 1 , • • • , ?n k are all odd partitions, then 

m\-, m « ntilAut^)! ^ |Aut(/,y)| 

where the sum is over all f in ( li. 1\) and p(f) is the parity W. 3\) . 

Proof. Let (/, C; {x* }) be a F-regular map in (jl.ip and a € Aut(/, V). If m l = (l d ), then the 
set of branch points B of / is a subset of V \ {q 1 } and the restriction of a to C \ f~ 1 (B) is a 
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covering transformation that fixes contact marked points x\,--- ,x l d . Noting f~ l (B) is finite, 
we conclude that a is an identity map on C. This proves (a). 

As mentioned above, forgetting contact marked points x % a gives a (ramified) cover / satisfying 
(|0.1|) . Conversely, given a (ramified) cover / satisfying (jO.lj) . one can mark a point over q % 
with ramification index rrij as a contact marked point % % y Such marking gives V-regular maps 

(/, C; {x l A) in Yii=i |Aut(m*)| ways. Observe that (/, C; {x l A) and (/, C; {o"(x*)}) are isomorphic 
for each a € Aut(/) and that Aut(/, V) is a normal subgroup of Aut(/). Consequently, the 
quotient group G = Aut(/)/Aut(/, V) acts freely on the set of F-regular maps (/, C;{x* }) 

obtained by the (ramified) cover /. Its orbits give Y\i=i |Aut(m l )|/|G| points (i.e. equivalence 
classes of ^/-regular maps) in the space (jl.ip . each of which has the same automorphism group 
Aut(/, V). Now, (b) follows from counting maps with the parity of map modulo automorphisms. 

□ 



2 Maps into a nodal curve 

Let Dq = D\ U E U L>2 be a connected nodal curve of (arithmetic) genus h with two nodes p 1 
and p 2 such that for i = 1, 2, E = P 1 meets Di at node p 1 and Di has genus hi with h\ + h 2 = h. 
In this section, we consider maps into Dq that are relevant to our subsequent discussion. 

In the below, we fix d, h, \ and odd partitions m 1 , • • • , m k of d so that the Riemann-Hurwitz 
formula (10. ip holds, or equivalently, the dimension formula (11. 2j) is zero. For each partition m 
of d, consider the product space 

V m = M Vl nd , . fcl (Z?i,d)xX y ° , ld , ( J E,d)xX y2 fci+1 h , 1d ,(I>2,«0 

»,(l I, )i"i l ,-,m s l,m^ ' ' xo,ni,(l ),m v ' X2,m,m k l+ L ,--- ,m k ,(l d j v *' ' 

where V\ = {q k+1 ,q X , ■ ■ ■ ,q kl ,p 1 }, V = {p 1 , q k+2 ,p 2 }, V 2 = {p 2 ,q kl+1 , ■ ■ ■ ,q k ,q k+3 } and 

Xi + X0 + X2 ~ U{m) = x- (2-1) 
For simplicity, let M.^, and denote the first, the second and the third factors of V m . 

Lemma 2.1. IfV m 7^ 0, then the spaces M^, and have dimension zero. Consequently, 
Xo = 2£(m) and d — £(m) is even. 

Proof. Each A4 l m (0 < i < 2) has nonnegative dimension by the Riemann-Hurwitz formula. The 
formula (12.ip and our assumption that the dimension (11.2p is zero thus imply that each A4 l m has 
dimension zero. The dimension formulas for and A4 l m (i = 1, 2) then show that xo = 2€(m) 
and d — £(m) is even because d — £(m l ) = ^2(m l j — 1) is even for all 1 < i < k. □ 

Let I .A I denote the cardinality of a set A. 

, . .n 1 d! |Aut(m)| 
Lemma 2.2. |^| = ^T^- 

Proof. Let / G A^^. Since xo = 2£(m), we have 
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• the domain of / is a disjoint union of smooth rational curves Ej for 1 < j < £{m), 

• each restriction /,■ = /|#. has exactly one contact marked point over p 1 (i = 1,2) with 
multiplicity rrij, so fj has degree rrij. 

Consequently, forgetting contact marked points of maps in gives exactly one map (as a 
cover) with automorphism group of order |Aut(m)| rrij. Here the factor |Aut(m)| appears 
because we can relabel maps in |Aut(m)| ways and the factor appears because each 

restriction map fj (as a cover) has an automorphism group of order rrij. The argument in the 
proof of Lemma 11.11 then shows the lemma. □ 

For each (/i, Jq, f%) G V m , by identifying contact marked points over p l € D l n E (i = 1, 2), 
one can glue the domains of and /o to obtain a map / : C — > Dq with x(C) = %. For 
notational convenience, we will often write the glued map / as / = (/i, /o, /2)- Denote by 

M m ,o (2.2) 

the space of such glued maps / = (/i,/o, ft)- Contact marked points are labeled, but nodal 
points of C are not labeled. Thus, we have: 

Lemma 2.3. V m is a degree |Aut(m)| 2 cover of A4 m ,o- 



3 Limiting and gluing 

Following |IP2j . this section describes limiting and gluing arguments under a degeneration of 
target curves. Let Dq = D\ U E U Di be the nodal curve with fixed points q 1 , ■ ■ ■ , q k+3 as in 
Section [21 In Section [H we will construct a family of curves together with k + 3 sections: 

V (3.1) 




Here the total space T> is a smooth complex surface, A C C is a disk with parameter A, the 
central fiber is Dq, the general fiber D\ (A ^ 0) is a smooth curve of genus h and Q*(0) = q l 
for 1 < i < k + 3. By Gromov Convergence Theorem, a sequence of holomorphic maps into D\ 
with A — > has a map into Dq as a limit. For notational simplicity, for A/Owe set 

M x = M^ ml ^ mk+3 (D x ,d) where V\ = {Q X (A), • • • , Q fc+3 (A)}, (3.2) 

and denote the set of limits of sequences of maps in A^a as ^ — ^ by 

lim Mx- (3.3) 

Lemma 13. II below shows that limit maps in (|3.3j) lie in the union of spaces (j2.2|) . namely 

lim M A C (J Mmfi (3.4) 
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where the union is over all partitions m of d with d — £(m) even. 

Conversely, by the Gluing Theorem of |IP2j . the domain of each map in M m fi can be 
smoothed to produce maps in A4\ for small |A|. Shrinking A if necessary, for A £ A, one can 
assign to each f\ G Mx a partition m of d by (|3.4p . Let Mm,\ be the set of all pairs (f\,m). 
For each / € A4 m fi, let 

Z m j -> A (3.5) 
be the connected component of UagA M m ,\ — > A that contains / and let 

Zm,f s \ (3-6) 
denote the fiber of (|3.5|) over A € A. It follows that for A 7^ 

M x = U Z m ,f,X- (3.7) 
feM m ,o 

For / = (/1, /o, /2) £ A^ mi o where m = (mi, • • • , m^), let y*- be the node mapped to p l at which 
/j and /o have multiplicity to.,-. The Gluing Theorem shows that one can smooth each node y*-, 
in rrij ways, to produce ([\ mj) 2 maps in Z m j^\, so we have 

\Z mJ ,x\ = (FK ) 2 (A ^0). (3.8) 



In order to prove (|3.4|) . we will use the following fact on stable maps. An irreducible com- 
ponent of a stable holomorphic map / is a ghost component if its image is a point. Write the 
domain of / as C 9 U C where C 9 is a connected curve whose irreducible components are all ghost 
components. Then the stability of / implies that 

x(C 9 )-£ 9 -n < -1 (3.9) 
where i 9 = \C 9 Pl C\ and n is the number of marked points on C 9 . 
Lemma 3.1. Let Ai r and M m ,o be as above. Then we have 

lim M x C \J Mmfi 

A-K) m 

where the union is over all partitions m of d with d — £(m) even. 

Proof. Let / be a limit map in f|3 . 3[) . The domain C of f can be written as 

fc+3 

c = d u c u c 2 u ( U cf ) u c 9 u c 9 (3.10) 

i=l 

where Co maps to E, C\ and C2 map to D± and D2, Cf is the union of all ghost components over 
q l where i = 1, ■ ■ ■ , /c + 3, C 9 is the union of all ghost components over points in Dq\(Vi U VoU V2) 
and C 9 is the union of all ghost components over {p l ,p 2 }. Let fj = f\c 3 for j = 0, 1, 2. Observe 
that fj is Vj-regular because Cj has no ghost components. Let rh l be a contact vector over q l , 
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rh 1 and rh 2 be contact vectors of f± and /2 over p 1 and p 2 , and m 0;1 and m 0;2 be contact vectors 
of /o over and p 2 . The Riemann-Hurwitz formulas for /o, /i and /2 give 

2 fc+3 2 

£)x(Ci) < 2d(l-h) + Y,{K™ , )-d)+^2{£(rh i )+£(rh°-n)- (3.11) 

i=0 i=l i=l 

For i = 1, • • • , A; + 3, let £i = \C\ U Co U C2 H Cf\ and let rii be the number of marked points 
on Cf . Since all marked points are limits of marked points, we have 

£(m*) = iim^-TH+ti. (3.12) 
For j = 0, 1, 2, let £j = \Cj C\C 9 \. Counting the number of nodes mapped to p 1 and p 2 shows 

2 22 
Y,{£{™ l )-h) = ^|anCo| = J2£(m^)-I . (3.13) 
i=i i=i i=i 

Let £3 = |Ci U C U C 2 n Ca\. Since x(C) = x , by MUl and (13TT31 we have 

2 fc+3 2 

X = ^x(C i ) + ^(x(Cf)-2^0+x(^)-2^ + X (CS)-^-^(^(m i )+£(m^)) (3.14) 

j=0 i=l i=l 

where £ = £0 + £1 + ^2- By our assumption that the formula (jO.ip holds, it follows from (|3.1ip . 
(I3~T2]1 and (f3TT4"D that 

fc+3 

X < X + Y.U( C !)-^- n i)+x{C 9 )-2£V + x{C 9 )-l (3.15) 

i=l 

Noting C 9 and C 9 have no marked points, by (|3.9|) and (|3.15|) we conclude that the domain 
C of / has no ghost components. Consequently, 

• fj is Vj-regular for j = 0, 1, 2, 

• rh 1 = rh '' 1 for i = 1, 2 (cf. Lemma 3.3 of |IP2j ) and rh 1 = m l for i = 1, • • • , k + 3. 

In particular, the equality in (|3.1ip holds; otherwise we have a strict inequality in (|3.15p . So, 
we have x(C ) = £(m l ) + £{m 2 ) . But x(C ) < 2 min-f^m 1 ), £(m 2 )}. It follows that 

• Co has £(rh 1 ) = £(rh 2 ) connected components Ej with x(Ej) = 2 for all j, 

• raj = deg(fo\Ej) = rnj for all j, i.e., m 1 = m 2 . 

It follows that the Euler characteristics of Co, d an d C2 satisfy (|2.ip by (|3.14p . Therefore, 
/ € -M m! o for m = rh 1 = fh 2 and <i — £{m) is even by Lemma 12.11 □ 
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4 Smooth model by Schiffer variation 



A Schiffer Variation of a nodal curve (cf. pg. 184 of [ACGj ) is obtained by gluing deformations 
uv = X near nodes with the trivial deformation away from nodes. In this section, we use the 
method of Schiffer variation to construct a smooth model for the space 2 m j in (|3.5|) which has 
several branches intersecting at / unless m is trivial. 

Throughout this section, we fix an odd partition m = (n ), i.e. m = (mi, • • • , mg) with 

mi = • • • = n%£ = n where n = d/l is odd. (4.1) 

Let / = (/i,/o,/2) be a map in M m< o in (|2.2p . As described in Section 2, the central fiber of 
p : V — >■ A is the nodal curve D = D\ U E 1 U D 2 with two nodes p 1 £ D± f] E and p 2 £ D 2 H E 
where £7 = P . The domain of / is a nodal curve 

C = C\ U C U C 2 where C = uj =1 £^ 

with 21 nodes such that for i = 1, 2 and j = 1, • • • , 

• / (?>') consists of the £ nodes y*- € Q PI 

• Cj is smooth and /|q = /j has ramification index rrij = n at the node y*-, 

• £"j = P 1 and /|^ = /o|b^ : Ej — > £7 has ramification index = n at the node yj. 

The following is a main result of this section. 

Proposition 4.1. Let f be as above. Then, for each vector £ = (Ci ; Ci ; ' ' ' >Cl>Cf) where Q is 
a n-th root of unity, there are a family of curves ip^ : — > A, with smooth total space C^, over 
a disk A (with parameter s) and a holomorphic map J-^ : — > T> satisfying: 

(a) The central fiber C^o = C and the restriction map Fc\c = /• 

(b) The general fiber C^ )S (s ^ 0) is smooth and for A = s n ^ 

U {ft,s} = Z m ,f,x (4.2) 
C 

where the union is over all (, f^ s = J T ( ^\c c s and Z m ,f,\ *s the space \3. 6]) . 
Proof. The proof consists of 4 steps. 

Step 1 : We first show how to construct the family of curves p : T> — > A with k + 3 sections. 
For i = 1, 2, a neighborhood of the node p l S D{ n E can be regarded as the union TJ % U V 1 of 
the two disks 

TP = {u* €C : \u*\ < 1} C A and V 1 = {v* € C : <1} C fi 

with their origins identified. We may assume that the fixed points q 1 , . . . ,q k+3 in Dq described 
above (12. ip lie outside these sets. Consider the regions 

A* = { (u\v\ X) e TJ l x V i x A : uV = A }, 
B=L)G' U [(AA U(f/'U^))xA] 

i=l i=l 
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where 

G l = { (u\ A) G U* x A : \u i \>y/\X\} U { {v\ X) eV i x A : |«*| > }. 
We obtain a smooth complex surface T> by gluing A 1 , A 2 and l?o using the maps 

G l -»• A* definedby (u\ A) -> ( u\ A, A) and (v\ A) -> ( A, v \ A ) . (4.3) 
Let p : 2? — > A be the projection to the last factor and define k + 3 sections Q l of p by 

Q<(A) = (q\X). 

Step 2 : We can similarly construct a family of curves over a 2^-dimensional polydisk: 

W.X -> A 2 , = {t = (*!,«?,--■ ,t},t?) £C a : |t}|<l}. (4.4) 
For each node G Cj D £y, choose a neighborhood obtained from two disks 

E/j = {u) G C : < 1} C Q and V/ = { v j E C : [«}| < 1} C Ej 
by identifying the origins. Consider the regions 

A) = {(»;.//}./) < r; x i;\ a 2 , : = 

^ = UGj U [(c\ U(^jU^))xA 2 ,] 

where 

G) = { (u),t) G E7j x A 2 , : \u)\ > } U { («j,t) G V? x A 2 , : |^| > }. 

We can then obtain a smooth complex manifold X of dimension It + 1 by gluing UA*- and -B 2 £ 
with the maps 

G) -> A} definedby (uj.t) -»• («},|,t) and («j,t) (4.5) 
Let </?2i : <-f — )■ A be the projection to the factor i. 

Step 3 : Since and fo\Ej have ramification index = n at yj, we may assume (after 
coordinates change) that on C/j and the map / can be written as 

U) -> E7* by uj -> (u}) n and V? -»■ V* by -> (t>j) n . (4.6) 
For each i, j, define a map 

G* by and («},t) -> ( ) . (4.7) 
On the other hand, for each we have a map 

A) -> A* definedby («},«},*) -> ( («}) n , («}•)", (tj)" ) • ( 4 - 8 ) 
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These two maps (|4.7p and (|4.8p are glued together under the maps (|4.3p and (|4.5p . The glued 
map extends to a holomorphic map ft'Xt—t D\ if and only if 



l\n 



(*1 



2\n 



(4.9) 



There are n 2 ^ solutions t of (|4.9p and the extension map /t is given by 



(M) -»> (/(*), A) on - \JA). 

Step 4 : For each vector £ = Cf\ ' ' ' j C/> Cf ) where each Q is a n-th root of unity, define 
5 C : A -> A 2 ^ by s -> ( C?a, Ca», C|s, • • • , C]s, Cl« )• 



The pull-back t^rf gives a family of curves: 



Cr 



5* C X 



A 2 £ 



(4.10) 



The central fiber is Cr t o — C and the general fiber Cr )S (s ^ 0) is smooth. A neighborhood of 
the node of C in Cr can be viewed as 



A' 



{(uj,Vj,s) € C 3 : \uj\ < 1, < 1, 



"5^ 



cm- 



(4.11) 



It follows that the total space is a complex smooth surface. Noting 6s(s) is a solution of ([4.9 
for A = s n , we obtain a holomorphic map J-r : — > T> given by 



(x,s) 



((«*•)*, («j)V n ) on 4, 
(/(x),s n ) on C c - 



(4.12) 



Since the restriction JFt\c = / by (|4.6p and (|4.12j) . it remains to show (|4.2p . By our choice of 
fixed points (?* on Dq, each contact marked point x l j of / lies in — UAj. Thus, by (]4.12p . the 
pull-back F^Q 1, of the section Q l of p gives a section Xj of ipr given by Xj(s) = (xj,s). After 
marking the points X l -{s) in C^, the restriction map 



fc,. 



ClC c , ; 



Dy 



where A = s n / 



has contact marked points X l -{s) over Q l {\) with multiplicity m*-. This means ft )S lies in the 
space M.\ in (j3.2p for A = s n . Therefore, noting (i) f^ s — > f as s — > and (ii) |^ m j^| = n 2£ by 
(|3,8p . we conclude (14. 2|) . This completes the proof. □ 
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5 Spin structure and parity 



The aim of this section is to use a spin structure on a family of nodal curves [C] to show parity 
calculation in Proposition 15.41 below. Twisting bundle as in (|5.6p below is a key idea for parity 
calculation. 

We first introduce a spin structure on a family of nodal curves that is relevant to our discus- 
sion. We refer to jC] for the definition of spin structure and more details. The relative dualizing 
sheaf ujp of the family of curves p : T> — > A in (|3.ip is the canonical bundle K?> on the total space 
T> since T> is smooth and Kj\ is trivial. For each A / 0, the restriction K%>\d is the canonical 
bundle Ko x on D\ and the restriction Kt>\d is the dualizing sheaf wd of the nodal curve 
Do = D\ U E U Z?2- As described in Section 4, Dq is locally given by u l v % = near each node p 1 
in Di n E for i = 1,2. Then the local generators of ujd are du l /u l and dv % jv % with a relation 
du l / u l + dv % / v % = (cf. page 82 of |HM| ) . This implies the restriction wz) Ia = K£ >i ®0(p t ). On 
the other hand, l/u l is a local defining function for the divisor — E on T> near p\ By restricting 
l/u l to Dj, one can see that 0(—E)\u i = 0(—p l ). Consequently, for i = 1,2 

K v \ Di ®0(-E)\ Di = uod \ Di ®0{-p 1 ) = K D .. (5.1) 

From Cornalba's construction (cf. pg. 570 of [C]), there are a line bundle N — > T> and a 
homomorphism $ : J\f 2 — > = -ST© satisfying: 

• vanishes identically on the exceptional component E and A/"|_b = C_e(1)- 

• Since $|b = 0, there is an induced homomorphism <1? : J\f 2 — > K-p ® 0(—E) such that $ 
is the composition of $ and tensoring with r/: 

<f>:N 2 A ^ K c (5.2) 

where r\ is a section of 0(E) with zero divisor £\ Then, for i = 1,2, the restriction 

$k : (^Ia) 2 -> ®0{-E)\ Di = K Dt 

is an isomorphism so that the restriction iVj = Af\oi is a theta characteristic on D{. 

• For each A / 0, the restriction <&\d x '■ (A^|d a ) 2 - > Kd x is an isomorphism so that the 
restriction N\ = N\d\ is a theta characteristic on D\. 

The pair (N, <fr) is a spin structure on p : V — > A and the restriction M\d is a theta characteristic 
on the nodal curve D$. 

Remark 5.1. Atiyah (A] and Mumford jM] showed that the parity of a theta characteristic 
on a smooth curve is a deformation invariant. Cornalba used the homomorphism $ to extend 
Mumford's proof to the case of spin structure on a family of nodal curves (see pg. 580 of [C]). 
Thus, if p\,P2 and p are the parities of N\, N2 and N\ (A 7^ 0), then we have 

p = pi + P2 (mod 2). 
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Let (p^ : — > A be the family of curves in Proposition 14.11 Recall that the central fiber of 
(f£ is C = C\ U Co U C2 where Co = UjEj is a disjoint union of I exceptional components Ej and 
Cj n Ej = {i/j} for 8 = 1,2 and 1 < j 1 < i. Similarly as for (|5.ip . by restricting local defining 
functions, we have 

O(±C )\ Cl = C(±£l/i) (i = l,2) and O(±C )| Cf , s = O (s + 0). (5.3) 

i 

Since any fiber of ip^ is a principal divisor on C^, 0(C) = O and hence 0{Cq) = 0(—C\ — C2). 
We also have 

O(±C )\e 3 = 0(T(C 1 + C 2 ))|^ = + = 0(=F2) (l<j<^). (5.4) 

Let / = (/i,/o,/2) and J( : C( I 1 be the maps in Proposition 14.11 The ramification 
divisor of J 7 ^ has local defining functions given by the Jacobian of , so (|4.12p shows 

Rjr ( = 0(X c + (n-l)C) = 0(X ( ) (5.5) 

where = £ i ji 171 } ~ -Q-^j ana - -^j 1S ^ ne section of defined below (14.12p . Note that 

(i) the ramification divisor of /, = Tc\d (i = 1, 2) is i?^ = X^\o i + £j( n ~~ l)j/}> 

(ii) the ramification divisor of = T^\c c s (s 7^ 0) is i?/ c a = X^|c c s . 
Now, noting n is odd, we twist the pull-back bundle J-^N by setting 

£ c = ^8O(il( + ^C ). (5.6) 

The lemma below shows that the twisted line restricts to a theta characteristic on each 
fiber of tp^, including the central fiber C. 

Lemma 5.2. Let be as above. Then, we have 

(a) C c \ Ej =0(l) forl<j<£, 

(b) £ c \ Cl = L h , £ c \c 2 = L h and £<|c f?s = L f( s for s ^ 

where Lf 1} Lf 2 and Lf^ s are the theta characteristics on C\, C2 and C^ jS defined by W.2\) . 

Proof, (a) follows from (|5.4p and the fact that each restriction map J~c\Ej has degree n. (b) 
follows from (15. 3p . (i) and (ii). □ 

Observe that the relative dualizing sheaf is the canonical bundle Kq c since is smooth. 
The Hurwitz formula and ()5.5p thus imply that 



n - K Cc = FlK v ®0{X c ). (5.7) 



Define a homomorphism 



i> c . Cl = T* c N 2 ®0{X c + (n-l)Cv) ^ J?(K v ®O(-E))®O(X c + (n-l)C ) (5i 
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by = J-£$> ® Id where is the induced homomorphism in (|5.2p . Noting 0(C) = O and 
0(A)) = O, by (ICT2D we have 

J^O(-E) = ^0(D 1 + D 2 ) = 0{n{C x + C 2 )) = O(-nC ). 

Together with (|5.7p . this implies that the right-hand side of (|5.8p is Kg. ®0(— Co). Now, define 
a homomorphism ^ : £^ — >• i^c c to be the composition 

* c : L\ % K Cc ® O(-Co) ^4 K Cc (5.9) 
where £ is a section of 0(Co) with zero divisor Co- 
Lemma 5.3. (Ct, is a spin structure on ip^ : — > A. 

Proof. First, £^\e = 0(1) by Lemma 15.21 (a) and ^ vanishes identically on each exceptional 
component Ej since £ = on Co = Uj-Ej- Second, since $|d; is an isomorphism, (|5.3p and (i) 
show that for i = 1, 2 the restriction 

*k = /*($k) ® w : (£ c h) 2 = /*ivf ® _> ## Di ® o( jR/ j = # Ci 

is an isomorphism. Lastly, let A = s n ^ 0. Since ^Ida is an isomorphism, so is &\d x - Thus, by 
(|5.3p . (ii) and the facts Kx>\d x = -^-Da an d 0( — £0Id a = 0) the restriction 

is an isomorphism. This implies that the restriction 

is also an isomorphism. Therefore, we conclude that (C^,^^) is a spin structure on <p^. □ 

The following is a key fact for the proof of Theorem 10.11 in the Introduction. 
Proposition 5.4. Let f = (/i,/o,/2) and f^ s be maps in Proposition \4 ■ 1\ Then, for all s / 

P(/C,«)= P{h)+P{h) (mod 2). (5.10) 

Proof. Since (C^, \Ev) is a spin structure on the Cornalba's proof, mentioned in Remark 15. 11 
shows that for all s ^ 

h°(C c \ Ccs ) = h°(£ c \ Cl ) + h (C ( \c 2 ) (mod 2). 
This and Lemma |5. 21 b prove (|5.10p . □ 
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6 Proof of Theorem 10.1 



Proof of Theorem [QTTl : Fix a spin structure (M, $) on p : V — > A given in Section [5j Consider 
the space M. m fi in (j2.2p where m is a partition of d = 3. In this case, by Lemma 12.11 either 
m = (l 3 ) or m = (3). Note that both of them satisfy (gH). Fix A / and let / = (/i, / , /-a) be 
a map in A^ m ,o- Then (|4.2p and (I5.10|) show that for all / M S Z m j,\ 

P(U) = p{h)+p(h) (mod 2). (6.1) 
Lemma 11.11 and (|3,7p show that 

^ = 4",(i3)3 = w ( E E (-^ + E E (-i^ ) (6-2) 

/eM ( i3 )>0 /Me2 (l3)J>A /gA4 (3)i0 / m g2 (3) , /iA 
By dUED and (JEH), (JO]) becomes 



/=(/i,fo,f 2 )eA4 (l3)0 v ; /=(/i,/o,/2)£M C 3),o V ' 



It then follows from Lemma 12.31 and (16.31) that 



(_l)p(/i)+p(/2) 3 2(_ 1 ) P (/l)+p(/2) 

(3)fc ~ , (3!? + , ^ (3!? 

(/i,/o,/2)e? (l3) v ; (/i,/o,/2)eP, 3) v ; 

= 7^3 E E (-d p(/2) + w E (-d p(/1) E (-d p(/2) 

_ q| Tjhl,Pl tt!i2,P2 i q Tjhl,pi rr/l2,P2 

- ^-^(3))=! "-"(3)^2 °' tl (3) fc i + 1 ' ^(3)^2 + 1 

where the second equality follows from Lemma 12.21 and the last from Lemma ll.H □ 



7 Calculation 

The aim of this section is to show: 

Proposition 7.1. = S 2h ~ 2 [ (-l) fc 2 fc+fc ^ 1 ± l] . 

Proof. The proof consists of four steps. 

Step 1 : We first show the following facts which we use in the computation below. 
Lemma 7.2. 

(a) H^t = H° ,+ = ^ (b) H^t = -i (c) # *^ = if 3 1,+ = 2 
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Proof. Consider the dimension zero space M¥(P^,3) where V = 0. The Euler characteristic 
X = 6 by (jO.ip and hence the space contains only one map / : C — > P 1 where C is a disjoint 
union of three rational curves and |Aut(/)| = 3!. This shows (a). Let (/, C) be a map in the 
dimension zero space ^ ^(P 1 ^). Then C is a connected curve of genus one and the 

theta characteristic Lf on C defined by (|0.2p is 

L/ = 0{-2x 1 +x 2 + x z ) = 0(x 1 -2x 2 + x 3 ) = 0(x 1 +x 2 -2x 3 ) 

where x±,x 2 and X3 are ramification points of /. This implies = O and hence Lj = O 
because L 2 j = L 3 j = O. We have p(f) = 1. Therefore, 

rr°>+ — W° — 1 
""(3)3 _ ~ n (3) 3 - ~3 

where denotes the (ordinary) Hurwitz number which is calculated by using the character 

formula (cf. (0.10) of [OP] ). By Proposition 9.2 of [LPlj . the spin Hurwitz numbers H^ ,p are 
the dimension zero local invariants of spin curve that count maps from possibly disconnected 
domains. Let GW^' P denote the dimension zero local invariants of spin curve that count maps 
from connected domains. Then H^ ,p and GW^' P are related as follows: 

l + JXV = exp(£GT^). 

<2>0 d>0 

Now, (c) follows from: GW}' + = 1, GW 2 h+ = \ and GW\ & = § (see Section 10 of |LPl] ). □ 



Step 2 : In this step, we compute H,^ k . For a spin curve of genus one with trivial theta 



(3 

characteristic, it follows from the formula (3.12) of jEOPj that 



o-l,— o— k 

H (3)- ~ 2 



(21))" -(^(3))" . (7.1) 



Here the so-called central character f(3) can be written as f(3) = | P3 + a 2 pf + aiPi + ao for some 
a, € Q (0 < i < 2) and the supersymmetric functions pi and P3 are defined by 

pi(m) = d-± and p 3 (m) = m ) ~ 2I0 

where m = (mi, ■ ■ ■ , m^) is a partition of <i. For k = 0, 1, (|7.1[) shows 

^"o = and = -3. (7.2) 

Lemma 17. 21 b. ()7.2[) and the formula (j0.6|) give 

^(3> = s-^r ,i? (3)3 = 3 - ( 7 - 3 ) 

By (JET]), (JL2]) and ([73]) we conclude 

f (3) (21) = -4 and f (3) (3) = 2. (7.4) 
Consequently, by (|7.ip and (]7.4j) . for /c > we have 

ilj- = (-l) fc 2 fc -l. (7.5) 
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Step 3 : In this step, we compute H^X for h = 0, 1. For k > 1, (|7.2p and the formula (|0.6p 
give 

#(3)fc-l = 3 ^(3) '^(3)* = ~ 3 H (3) k ' ( 7 - 6 ) 
Combining Lemma l7.2l a and (|7.6p yields that for /c > 

= -^((-l)*" 1 ^- 1 -!). (7.7) 
Lemma l7.2l c. (|7.5p . (|7.7p and the formula (|0.6p show 

H, 



It follows that -f^^ = — 1. Consequently, Lemma I772l c. (|7.7p and the formula (jQ.6j) give 

H \yj k = 3 ' ^(3)0 ' ^(3)* + ^-^(3)" ' ^(3)*+i = (-l) fc 2 fc + l. (7.8) 



-2,+ 
(3)0 


= 3!-H" (3 y 


' 11 (3)0 


+ 3H {3) 


■ F (3) 


= 27, 


-2,+ 
(3) 


= 3\H^ 


,H (s) 


+ 3Hfo 


■ ^(3)2 


= -27, 


-2,+ 
(3)0 


= aiHqfio 


rrl,+ 
' -"(3)° 


+ 3H (3) 


rrl,+ 
■^(3) 


= 24 + 3-H"^ -H^, 


-2,+ 
(3) 


= aiHqfc 


rrl,+ 


+ 3H (3) 


rrl,+ 
' ^(3)2 


= l2H (3) +3H {3)~ ' H (3) 2 > 


1,4- 
(3)2 


= 3\H^ 


o-0,+ 
' ^(3)2 


+ 3H (3) 


o-0,+ 
' -"(3)3 


- 4 ^(3) • 



Step 4 : It remains to compute H,^ k for h > 2. The formula (|0.6p gives 

o-^.P _ o\ rrh-\,p ol,+ , o Trh-l,p o-l,+ 
-"(3)* ~ (3)° '■ n (3) fe "^° (3) '-"(S)^ 1 " 

From this, we can deduce that for h > 2 




fc+i 



3! 3 if,^ 

(3)fc+i (3) fe + 2 




rs * 3F (3)fc+1 \ / 3.^ 3J3, 3) \ / iJ 3 \ 

1+ oij1+ q| rrl,+ q rri,+ rA,P V<- y J 

( 3) fc+i >J-«(3)fe+2 / y ,3 -- n (3) 13 ""(3)2 / V (3) / 



Therefore, ([775]) . ([778]) and J779J complete the proof. □ 
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